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Abstract. Let £ m be the scheme of the laws defined by the Jacobi's iden- 
tities on K m with K a field. A deformation of g £ £ m , parametrized by a local 
K-algebra A, is a local K-algebra morphism from the local ring of £ TO at (fr m 
to A. The problem to classify all the deformation equivalence classes of a Lie 
algebra with given base is solved by "versal" deformations. First, we give an 
algorithm for computing versal deformations. Second, we prove there is a bi- 
section between the deformation equivalence classes of an algebraic Lie algebra 
4> m = R ix (p n in £ m and its nilpotent radical ip n in the R-invariant scheme £^ 
with reductive part R, under some conditions. So the versal deformations of (fr m 
in £ m is deduced to those of ip n in £^, which is a more simple problem. Third, 
we study versality in central extensions of Lie algebras. Finally, we calculate 
versal deformations of some Lie algebras. 

Introduction 

Formal deformation theory of associative algebras and Lie algebras over an 
algebraically closed field K of characteristic zero has been first studied by Ger- 
stenhaber [TO], Nijenhuis and Richardson [T3]. For more information about this 
topic see [3J [5J [TOJ H21 H3] • Schlessinger generalized deformation theory from the 
base K[[i]] to a commutative local K-algebra, [T5]. A Lie algebra of dimension 
to is viewed as a point (fro of the scheme £ m defined by the Jacobi's identities 
and antisymmetry. Prolonging these ideas, we consider in [6], a deformation 
of (fro, parametrized by a local K-algebra A, with maximal ideal m, as a local 
K-algebra morphism O — > A, with O the local ring of £ m at (fro- There is 
a subgroup G m (A) of the linear group Gl m (A) acting on the set of deforma- 
tions Def ((fro, A). An interesting and largely open problem is to classify all the 
deformation equivalence classes with fixed base of a Lie algebra. Considering 
deformations with any base permits us to simplify this problem. In fact, this 
is equivalent to look for deformations called versal g : O — > R with base R 
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satisfying that for any deformation h : O — > A, with base A, there is a local 
morphism h : R — > A (a base change) such that ho g is equivalent to ft- and the 
Zariski's tangent space of R is minimal for this property. 

The aim of this paper is to provide an algorithm for computing versal defor- 
mations, a theorem called reduction theorem which reduces their computation 
for a class of algebraic Lie algebras, and to study versality in central extensions 
of subschemes of £ m . 

In Section 1, we give classical material of deformations in this new definition 
where the properties depend on the K-algcbra A. We introduce the schemes 
£® consisting laws which are invariant under D C rjI n (K), and Def(<^o, A) D the 
set of deformations of ipo € £^(K) defined by the local ring C D of £^ at ipo. 
We assume that D is completely reducible in g[„(IK). The subgroup G n (A) D of 
G n (A) consisting elements which commute with D acts on Dcf((^o, A) D . 

In Section 2, wc provide an algorithm for computing versal deformations 
of 0o- This method is based on the fixing some parameters indexed by a set 
A called admissible set at 0o- The bases of versal deformations of (fio are the 
local rings of slices £^ ^ which are transversal subschemes to the orbit of </>o 
in £ m (K) under Gl m (K).° 

In section 3, we give the reduction theorem : Let g = R k n be an alge- 
braic Lie algebra with reductive part R and nilpotcnt radical n of dimension 
n. For any Noetherian complete local K-algebra A, there is a bijection between 
Def(g, A)/G m (A) and Dcf (n, A) R /G„(A) R ; and the local ring of any slice of 
£ m at g is isomorphic to that of any slice of 2% at n, for an important class of 
algebraic Lie algebras. So the versal deformations of Q in £ m is deduced to those 
of n in £ R , which is a more simple problem. Also we provide a new criterion of 
formal rigidity of </>o saying that if the Krull's dimension of the completion local 
ring of any slice at 4>o is zero, then <j) is formal rigid. 

Under some hypotheses, we could limit the local study of g = R k n in £ m to 
that of n in £ R according to the reduction theorem. Moreover, if the weights of 
the center T of R were different from zero, the scheme £ R would be consisted of 
nilpotent laws. Passing from £ m to £ R has the advantage to use methods which 
are specific for nilpotent Lie algebras. In particular, we can use the construction 
method of nilpotent Lie algebras based on successive central extensions. Then 
we build in section 4 some sequences of schemes (£^) n for n > no consisting of 
nilpotent laws whose their versal deformations are made by successive central 
extensions from that of G £^ , with n n the dimension where the maximal 
torus T appears. This leads to a continuous family concept. 

In Section 5, we calculate versal deformations of some Lie algebras. 

1 Generality 

1.1 In this work, we consider an algebraically closed field K of characteristic 
0. Let (a) be a basis of V := K m , A a commutative associative K-algebra 
with unity 1 = 1a, and £ m (A) the set of all Lie A-algebra multiplications on 
A ®k V. An element (f> of £ m (A) is defined by its structure constants </>^- g A: 
4* (ej, ej) — Y^k=i ( Pij e k- Then the set £ m (A) can be identified with the set of 
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(<j)ij) G A m< ™ +1> such that 

v 

It is well-known that £ m is a functor from the category of commutative associa- 
tive K-algebras to the category of sets. Denote by J m the ideal of the polynomial 
ring P m := K [X a : a 6 I] generated by the relations (|l.ip . and I m the quotient 
algebra I m := P m /J m , where I = {(y) : 1 < i < j < m, 1 < k < m} is the set 
of all multi-indices. For any K-algebras A, B, let us denote by HomAi g (A, B) 
the set of K algebra homomorphisms from A to B. Let x a be the class of X a in 
I m . The K- functor £ m is representable by I m i.e there is a canonical bijection 
£ m (A) -4 Hom A i g (Im, A), (/> -> U defined by / : I m -> A with /^(i B ) = 0", 
for all commutative associative A. Giving a point <f> 6 £ m (A) is equivalent to 
giving an algebra morphism from l m to A. The K-functor £ TO is an affine al- 
gebraic K-scheme with algebra I m , and we have £,„ ~ Spec (I m ), [H]- The set 
of rational points of £ m is identified with the set £ TO (K) of all Lie K-algebra 
multiplications on V. 

1.2 Let A be a local K-algebra with maximal ideal m = m(A), residue field 
K = A/m, augmentation map pr : A — > K, and let A denote its m-adic comple- 
tion K-algebra. 

A deformation of a point <fio of £ m (K) with base A is a point 4> of £ m (A) such 
that <po = £ m (pr) (0). For all fixed point </>o, we obtain a functor Def (<po, — ) 
from the category of commutative associative local K-algebras to the category 
of the sets. We extend Def (<fia, — ) to A by taking inverse limits. 
If O = Ofa is the local ring of the scheme £ m at </> , then it is equal to the 
localization ring of l m by the maximal ideal mo := Ker(/o), with /o := f$ . 
Giving a deformation <fi of 4>o with base A is equivalent to giving a K-algebra 
morphism, / = : I m — > A such that /o = pr o /. This is equivalent to / 
sends mo to m. Then / induces a local morphism from O to A. We deduce that 
giving a deformation (j> of 4>q, is equivalent to give a local K-algebra morphism 
/ : O — > A. Then the set of deformation Def(^O) A) can be identified with the 
set of local K-algebra homomorphisms Hom a i g (0, A). The case where A — K[[f]] 
corresponds to the Gerstenhaber's deformations [TU] . 

The deformation id : O — > O defined by id(a: Q ) = x a , is called deformation 
identity or canonical deformation. It is an initial universal object in the cate- 
gory of deformations at the point <fo. Any deformation of 0o with base A may 
be deduced from the identity deformation by a base change. A deformation 
(f> G Def (0o, A) is defined by its structure constants, 4> a = f (x a ). The smallest 
subalgebra of A containing them is equal to f(0). It is a Noetherian local 
K-algebra since it is isomorphic to C/ker(/). Next we can assume that A is 
Noetherian. Let 9\ denote the category of Noetherian local K-algebras, 9^ that 
of Noetherian complete local K-algebras. 

1.3 Let / G Hom a i g (O, A) be a deformation with A G 9\, then, for each p > 0, 
its reduction modulo m p+1 is a deformation with base A/m p+1 . We obtain a 
map 

Hom a i g (O, A) — ► lim p Hom a i g (Q,A/m p+1 ) (1.2) 

It follows from the bijection (|1.2[) that for each element / of Homi oc (0, A), 
there is a family (f p ) N with f p G Homi oc (C, A/m p+1 ) such that / = lim (f v ) 
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when p — ► oo. The statement that / forms a deformation is equivalent to lift 
each local morphism f p to the local morphism f p +\. This is equivalent to the 
commutativity of the following diagram: 

_^+ 1 A / m f+ 2 (1.3) 




A/mf +1 



where 7r is the projection. We say that there is a (p + l)-obstruction if it is 
impossible to find such a solution. 

1.4 Consider the Chevalley-Eilenberg's complex (C(g,g),d) with adjoint val- 
ues of a Lie algebra g. The Nijenhuis- Richardson's bracket of a m-cochain / 
by a g-cochain g is the commutator [f,g] = f • g — (— l)( m-1 )w -1 )<7 • /. It 
may be checked that df = (-l) m+1 [<j>o,f]. Denote by Z m ( , ), B m ( fl ,g) and 
H m (g, g), the space of m-cocycles, m-coboundaries, and m-cohomologies respec- 
tively, [15] . 

1.5 Let A € 9t. If r is the dimension of m/m 2 over K, we then have A = 
K [[Ti, —,T r ]\ /a with a an ideal. If / € Hom a i g (0,A) is a deformation, its 
structure constants f (x a ) — <j) a may be written as formal series in generators 
ti,...,t r of m(A), say <p a = <p a (h,...,t r ) , with (0 O ) Q = (f> a (0,...,0). This defor- 
mation may be written as (0 Q ) = <j){t) — X)ueir ^^ni with <p p e C 2 (fl,g), and 
^1 _ ^ 1 ,,.^r_ This writing is not unique if a 7^ 0. 

1.6 Let A be a local K-algebra and Gl m (A) the group of invertible m- matrices 
with coefficient in A. The augmentation map pr : A — > IK induces a group 
K-morphism denoted again by pr, pr : Gl m (A) — > Gl m (K). Its kernel denoted 
by G m (A) is a subgroup of Gl m (A) equal to id + M TO (m), where M m (m) is the 
set of matrices with coefficients in m. The group Gl m (A) canonically acts on 
£m (A) by 

SX=0 = SO0O (s _1 x s _1 ) (1.4) 

i.e. 

Ipq 

with s = (sij) 6 Gl m (A) and cj) £ £ m (A). Denote by [4>] the Gl m (A)-orbit of 
<fi. The action of the group G m (A) on Hom a i g (0, A) is given by 

s*U-= fs*d> ■ O -> A, x% 1— > (s * 0)^ (1.6) 
with s e G m (A) and e Hom a i g (C, A). 

Two deformations of 0o with base A are said to be equivalent if they lie on 
the same orbit under G m (A). Denote by Def(0o,A) the set of deformation 
equivalence classes of <j)Q with base A. 

A deformation is said to be A-trivial if it is equivalent to the constant deforma- 
tion c : O — > A defined by c(u) := fo (u) ■ 1a, where u e O. A point (j>o of £ m (K) 
is said to be A- rigid if each deformation of 0o is A-trivial i.e. Def (4>o, A) consists 
of only one orbit under G m (A). The notion of A-rigidity depends on the base 
A. The geometric rigidity which means that the orbit of 4>o under Gl m (K) is a 
Zariski's open set in £ m (K), corresponds to the rigidity with base A := K[[t]], 
[T3"] . The Zariski's tangent space to £ m (K) (resp. the Gl m (K)-orbit [<fio] of cf>o) 
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at </>o identifies with Z 2 ((f> , <fr ) (resp. B 2 (0 o ,0o))- We have H 2 (0 o ,0o) = if 
and only if the Gl m (K)-orbit of <fio is a Zariski's open set in £ m (K), and the 
scheme £ m is reduced at point 4>q. 

We suppose that A is complete, then each element s of G m (A) may be written 
as X!^eN>-^ s M' w i tn s o — id and € M m (K). Let fc be the smallest length 
nonzero of \x such that J"Yi fc t^s^, is nonzero. The action of s on a deformation 
4> = J2^eN r ^4>n °f 4>o with base A, is given by 

a * (f> = £ i"^ M + £ f (0 M - d 0o s„) mod m fe+1 (1.7) 
H<fc \/i\=k 

1.7 Let D be a subset of M m (K). Let £° (K) denote the set of laws of £ m (K) 
which admit D as derivations i.e. S ■ <j> = 0, for all <5 = (<5*) 6 D. Let A m be the 
ideal of P m generated by the polynomials 

p 

]T (A^f - S\X^ - *jx£) , ($, j, fc e {1, .., m} , i < j) (1.8) 
l=i 

for all (5 £ D. Denote by Jj^ the sum of J m and A m , and 1° the quotient algebra 
P m /J^. Let £j^ denote the subscheme of £ m which is canonically isomorphic to 
Spec (l° ) . Let 0o be a point of £° (K), A a local K-algebra and let Def D (0o, A) 
denote the set of deformations of <j>o with base A in £j^ (A) . The quotient algebra 
K-morphism from I m to ij^ induces a local algebra K-morphism rj : O^ — > 0? 
and a scheme embedding from £j^ onto £ m , denoted by 3. Also it induces a 
map denoted again by 3 and defined by 

Hom Alg (0° ,A) — > Hom Alg (0 0o ,A), / — > = / o 

If [^o] is an orbit of a law <f) in £ m (K), we denote by [(f>o] — [0o] H £° (IK) 
its trace in £° (K). Assume that D is a completely reducible Lie subalgebra 
of gl(K"), i.e. its natural representation on V is semisimple. The normalizer 
subgroup H of D in Gl (K™) stabilizes £° (K) and the trace orbits. Since the 
adjoint representation of D is semisimple, hence the Lie algebra of H is given 
by D + gl(K™) D . If Ho is the identity component of H, it is proved in [5] that 

a) the Zariski's tangent space to £° (K) at <f>o is equal to Z 2 . 

b) [</>o] D is a finite union of orbits under Ho in £° (K). 

c) The Zariski's tangent space to [</>o] D at (po, is equal to that of its orbit under 
H at (j) . It is also equal to B 2 (4> , (j> ) . 

d) The orbits under H in £°(K) are the same that under the identity com- 
ponent G1(K") of the group G1(K") consisting of the elements of G1(K") 
commuting with D. 

e) For K = C, we have H 2 (c/>o,(/>o) D = if and only if the Ho-orbit of </>o is a 
Zariski's open set in £j^ (K) and the scheme £° is reduced at <j> . 

1.8 Let A be a subset of 1 and let cj>o be a point of £ m (K). Set 

~ J™ + (X a - (0 O ) Q :a€A), l£, 0o := P m /j£, 0o , (1.9) 
we define a subscheme £^ ^ of £ m as 

<0 O (A) := {<t> G £ m (A)|0 Q = (0 o ) Q ,a G A} (1.10) 
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Semi-direct product. Let n S N such that n < m. Set 

£' = {(«) 6l:U fc <n},P'„ =K[A Q : a € X'] (1.11) 

We assume that </>o is the law of a semi-direct product Lie algebra with a 
reductive part R = (e„+i, .., e m ) and the nilpotent part n = (ei,...,e n ). The 
adjoint action of R on n defines derivations Si of the restriction ipo of <j>o on rt 

by 

n 

kdj = 0o (e n+l ,ej) = /.On+i^k, i < r,j < n i£r = m - n. (1-12) 
fc=i 

The elements ((5j)j< r generate the reductive Lie algebra D = ad n R. 

Proposition 1.1 If is the subscheme of £ m defined by I — I 1 as above, 

then there is a scheme isomorphism £^f — £^ • 

Proof. The K-algebra I?,"? which defines the scheme £?T? is isomorphic to 

P 'n/Jm,0o Wliere J m,0o iS the ldeal defined ^ J ™/ ~ (M" '■ OZ E I — I') fl 

J m . It suffices to set A Q = (0o) a for all a € X — X' in the Jacobi's polynomials 
Jfibc- F° r a,b,c < n we obtain the Jacobi's polynomials in function of coordi- 
nates (X a ) ag x' since n remains a Lie subalgebra. If a = n + i, b and c < n, 
then the expressions 6i(p(eb, e c ) — <p(ei,, <5je c ) — ip{5ieb, e c ) generate the ideal A m 
defined by (|1.8I) . The other Jacobi's polynomials give null constants. We obtain 

- p '»/( J ™ n ( r - ae r ) + A ™) = Co • n 

Notation. We shall denote by instead of £° for D = ad n R. The K- 
epimorphism algebra from I m to 1^ induces a scheme embedding from £j^ 
to £ m , denoted by 3. Let A be a K-algebra, the morphism 3 : £JJ(A) — » 
£ m (A), (<p a ) ^ (0 Q ), defined by Q = ip a if a 6 X' and 4> a = {4>oT if a £ 
X-X'. 

Denote by O^ the local ring of 2% at y>o, the morphism 3 induces a local 
epimorphism r\ 

n-.o^^o^. (Lis) 

Denote again by 3 the map defined by 

HomAig(00 o , A) — > Hom A i g (0 0o , A), / .— ► = / o tj. 

2 Construction of Versal Deformations 

In this section, we provide an algorithm for computing versal deformations of a 
Lie algebra by fixing some parameters. The idea to fix some structure constants 
of a Lie algebra was used in [8] for parameterizing a deformation. Fuchs and 
Fialowski provide in [§] an algorithm of computation the completion of a base 
of miniversal deformations based on calculations a basis of H l ($, q) with i = 2, 3 
and their Massey products. Their method is valid if the dimension of H 2 (g,g) 
is finite, but treats only the miniversal case. 
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2.1 Parametrization of deformations 

Let A G 91 and a basis (e a ) ae x of C 2 (V, V). A deformation <f) — Ea£i^ ae o 01 
0o (or / : -> A) can be written as /(a; Q ) = Q = (4> ) a + £ Q with £ Q G m(A). 
A family of parameters of or / is a family (ti)i<i< r of the maximal ideal 
m = m(/(0)) such that the classes U modulo m 2 form a K-basis of m := m/tn 2 . 
The number of parameters of the deformation is bounded by diniK Z 2 (</>o, </>o). 
If H fe is a complement of B fe (g, g) in Z fc (g, g) and W fe a complement of Z fc (g, g) 
in C fe (g,g), then H fc is canonically isomorphic to H fe (g,g), and d induces an 
isomorphism from W k onto B fc+1 (g,g). Thus we obtain a decomposition 

C fe (g, g) = Z fe (g, g) © W k = B fe (g, g) © H fc © W fe , (2.1) 

called decomposition of Hodge associated with g. The law = 0o + £ is a 
deformation of <po if and only if £ is a solution of the Maurer-Cartan's equation 

MC m (m) = |eGm®C 2 (g,g) :<%--[£,{] = o| , (2.2) 

where the differential d extends to A © C (g, g) by idA © d and denote it again 
by d. We have 

d(o - \ [t c] = d(o - \ % e] B 3 - \ % Ki e] W 3 , (2-3) 

where [£, £] B3 , [£, £] H3 i £]w 3 are tne projections on m © B 3 (g, g), m © H 3 and 
m © W 3 respectively. Set 

MC^(m) = |e G m ® C 2 (g, g) : d(0 - ~ [£, f] B 3 = o| , 

we can see MC m (m) c MCj n (m). From (|2.1I) we may choose a basis (e^) Qe x fc 
of C' c (g, g) such that the elements e k a are indexed by H , B k and W fc , and form 
a basis of H fc , B fc (g, g) and W fe respectively. Denote by \A\ the cardinal of a set 
A we have |W fc | = Set p := \W 2 \ = \B 3 \. 

Lemma 2.1 There is a unique map g : m <E> Z 2 (g,g) — > m © W 2 (g,g) with 
5(0) = such that MC^(m) = {£ = z + g(z) : z G m © Z 2 (g, g)} . 

Proof. Consider a map F : m © Z 2 (g,g) x m © W 2 -> m © B 3 (g,g) defined 
by F(z,w) = d(w) — \ [z + w, z + w] B3 . Denote by (F a ) ae gs, (z a ) ae z 2 an d 
(w a ) a £W 2 the components of F, z and w relative to above bases. Since F 
is polynomial in variables z a and w a , we may regard F as an element of the 
ring A[[Z, W]] p of formal power series in variables Z — (Z a ) aeZ 2 and W = 
(W a ) aeW 2. We have F(0) = 0. The Jacobian [dF a /dW p (0)] is invertible in 
A, since pr([dF a /dW? '(0)]) is invertible in A/m = K (i.e. d^ : W 2 -> B 3 is 
an isomorphism). It follows from above and the formal implicit theorem, the 
formal equation F(Z, W) = admits a solution if and only if there is a unique 
formal map G = (G a ) aeW 2 G A[[Z]] P such that G(0) = and G(Z) = W. It 
is clear that G converges in the m-adic sense. Since A is complete, it follows 
that we define by substituting, a map g a : A\ z — > A p by g a (ai, ...,a\ Z 2\) :— 
G a (ai, ...,ai 2 2i) which satisfies g Q; (m' 2 ' 2 ') c m p , for all a. □ 
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It follows from Lemma |2. II that we can define a map 

: m (g) Z 2 (g, g) -> m ® H 3 , z H- [z + 5(2), z + .g(z)] H ., , 
which is called obstruction map. 

Theorem 2.1 There are g and Q defined as above satisfying g(0) = S1(0) = 
such that Def(0 o , A) = {4> + z + g{z) : Q(z) = 0, z E m (g> Z 2 (g,g)} . 

Proof. The element £ belongs to MC m (m) iff d(£) - | [£,£] B3 = 0, [£,£] w a = 
0, [£,£] H a = 0. We shall show that if £ satisfies [£,f] H3 = = d(£) - \ [£,£] B 
then [£,£] w a = °- We suppose that [£,£] H 3 = = d(£) - ^[CCIb 3 ' since 
= [0, [0, <}>]] = [</>, d(0 - \ [£, £]] and by Eq. (& it follows that [0, [£, £] w3 ] = 
0. We can check that [<j>, [£, £] W 3] = (d + ac ^)([£> £]w 3 )' ( tne graded Jacobi's 
identity) and the injectivity of d : W 2 —> C 3 (g,g) implies adef) : W 2 — > m ® 
C 3 (g,g) does. It follows that [£, £] W 3 = 0. By Lemma l2Jl £ is equal to z + 
g{z) is equivalent to d(£) — |[£,£] B3 = an d we deduce that MC m (m) = 
{z + g(z) : Q(z) = 0,2 E m® Z 2 (g,g)} and Def(0 O) A) = O +MC m (m). □ 

2.2 Versal Deformations 

The Zariski's tangent space of the local K-algebra A with maximal ideal m is 
the dual (m/m 2 )* of the vector space m/m 2 . 

Definition 2.1 A deformation f : O — >• R with ReSH, is (formal) versal if 

(i) for any deformation h : O — > A wit/i A G fl, £/iere is a local morphism 
h : R — >■ A fa 6ase change) such that ho f is equivalent to h, 

(ii) the Zariski's tangent space of R is minimal for the property (i) i.e. 

dim K (m(R)/m 2 (R)) = dim K (H 2 (g, g)) 

If the maximal ideal m of A in (i) satisfies m 2 = 0, it is called miniversal in JJJjj. 

If 6 a is the a-th component of the map 6 : Gl (V) -4 C 2 (V, V) defined by 
(s) = s * </>o, on the basis (e Q ) Qe x of C 2 (V, V), then its differential at unit I is 
given by (£>i(9 Q ) (L) = (i • O ) Q = ~(dL) a ,L G C 1 (V,V) , since 6> Q (I + tL) = 
((I + <L) * O ) Q = ^ + t (L o O - O (L, -) - 0o(-, L)) a mod i 2 . 

Definition 2.2 A set A is said to be admissible at point 0o if it is a minimal 
subset of I such that the rank of {D\9 a ) a ^ is maximal, i.e. \A\ = rank(d0 o ) = 
dimB 2 (g,g) = dim [fa]. 

Remark 2.1 Let (e Q ) Qe x be a basis of C 2 (g,g). From the exchange basis the- 
orem, there are parts B := T — A C I such that the (e^) i a 6 g complete a given 
basis o/B 2 (g,g) to a basis 0/ C 2 (g, g). The set A is the complement of B in I. 

Let O") = (Oo) Q ) + be a deformation of O , with £ Q e m(A). The 
parameters (£") Qe _4 are called orbital parameters at O - The set .4 permits 
to define a subscheme of £ m (If .I0[) as $ := £^ , , where the components £ a , 
ae^t, are expressed as K-linear combinations of X a — (4>o) a . The tangent space 
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Tj> (3) is isomorphic to H 2 (g, g) and is transversal at the orbit [(fro) under G m (A) 
at (fto S 3 i.e. the tangent spaces at (fro satisfy T^ £, m = T^ [<fro[®Tfa (f$) , where 
the orbit is a reduced scheme, and 5" is called slice associated with A. The set 
of deformations of (fro with base A in the slice £^ ^ is given by 

Def^ ,A) = {0 e £^ (A) : pt(<fr) = cfr ) . 

The functor Def^(0o— ) is representable by the local ring 0^ g of £^ ^ at 0q- 
If A is an admissible set of I at (fro, then the vector subspace Y 2 A of C 2 (g,g) 
generated by (e a )aex-A is a linear complement of B 2 (g, g) in C 2 (g, g) containing 
H 2 , see Remark |2~T1 We have 

De{ A ((fr ,A) = I (fro + v;dv - i [u,y] = 0, v e m ® 1 . (2.4) 



Proposition 2.1 For any A € *H and an admissible set A at (fro, then there are 
two maps g and Q defined as above satisfying g(0) — 0(0) = such that 

Def^(0 o , A) = {0o + h + g(h)-,n(h) =fl,/iem®H 2 }. 

Proof. See Theorem O □ 



Lemma 2.2 If A is an admissible set at (fro, then the map 

f : (w, v) i-» (id + w) * {(fro +v)-<f> 

is a bisection from (m^W 1 ) x (m®V^(g,j)) to m ® C 2 (g, g). 

Proof. Let (/ Q ) Q gi, (v a )aei-A an d (w Q ) a ew 1 be the components of /, v 
and w relative to above bases (see Section 2.2). We may extend / to an 
element F of A[[V, W]]M the ring of formal power series in indeterminates 
V = (V a ) aEX -A and W = (W a ) a<£W i. We have F(0) = 0. The Jacobian 



(F a /dVP,F a ' /dWP')(0) 



is given by J= f ^ x n A ] , where \x-a is 

V U d^ J 

the identity matrix of size |X — A\. It is easy to check that J is invertible in 
A, since its projection pr(J) is inversible in A/m = K {d^ is an isomorphism 
from W 1 to B 2 (g,g)). It follows from above and the formal inversion theorem 
[2] that the formal map F is bijective. It is clear that F converges in the m-adic 
sense. Since A is complete, it follows that / coincides with the associated map 
F by substituting the indeterminates V a and W a for the elements of A. □ 

Theorem 2.2 If A is an admissible set at (fro, then the map 

F : (w, (fr) i-> (id + w) * (fr 
is a bisection from (migjW 1 ) x Dei_A.(<fro, A) to Def(0o,A). 

Proof. Let (fr' = (fro + rf € Def(0 o , A) with 77' e m ® C 2 (g,g). By Lemma [221 
there are unique elements w S m (g> W 1 and v £ m <X> V 2 4 (g,g) such that 77' = 
s*((fro+v) — (fro i.e. (fr 1 = s*(<fro+v), with s = id+w. Hence (fr := (fro+v = s _1 *0' 
and (fr G Def(<73 , A) n {(fro + m <X> V^(g,g)) = Def^(</> , A). □ 
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Corollary 2.1 Let A be an element $H and A an admissible set at cf>Q. For all 
deformation <f>' £ Def(c^O)A), there exists a (f> in the orbit [</)'] under G m (A) 
such that (jf = ((t>a) a for all a £ A. 



The local ring O^ o of £^ ^ at 4>o is the quotient of the local ring O^ of £ m 
at (f> by the ideal J^aeA® ' g enera ted by the £ Q £ m(0) where a £ A. 
The canonical deformation id : O^ o — > O^ o of <f) in £^ ^ defined by y = 
(y a )aex-A, is the projection of the canonical deformation of 4>q in £ m defined 

by x = {x a ) ae x, 



Of 



(2.5) 



4>0 



We use the notation of Proposition 12. II 
Corollary 2.2 For any admissible set A at 
1. tt : O — > Of is versal. 



the. 



2. The canonical deformation id of </)q in Zf ^ defined by 112. 5)) may be 

written on the completing local ring 0^ g as y = 0o + {Va) + <?(j/a) such that 
fl((y a )) — 0, where a runs through the set H 2 . The parameters (ya)a£H 2 
are said to be essential. 

Proof. 1. By Corollary 12. 1[ each deformation h : O^ — > A with A £ SH is 
equivalent to a deformation ho ■ O^ — > A such that ho {x a ) = (0o) Q f° r all 
a £ A. Then ho vanishes on the ideal generated by the elements x a — {4>o) a 1 
a £ A, so it factorizes through 0^ g . There is a local morphism ho : G£ q — > A 

such that ho = hoon. It is clear that diniK (m (Q^ o ) / m 2 (Of )) — dimK(H 2 (g, Q)). 
The statement 2 is coming from Proposition ^. II □ 



Remark 2.2 The results in this section remain true in £ R by replacing G m (A), 
<j> Q , O^ , Of o and C fc ( , fl ) to G n (A) R ; p a , , 0*> A ' , C fc (n,n) R respectively. 
Denote by Cl' , g' , F' , T' and A' the corresponding elements. 

Algorithm of construction of a versal deformation of <po- 

1. Determine an admissible set A at <f>o, a minimal subset of I such that the 
rank of {Di9 a ) a ^j^ is maximal, i.e. \A\ = rank (dfa) . 

2. Fix X a to (<j>o) a for each a £ A in the Jacobi's equations (|1.1[) in co- 
ordinates X = (X a ) ae x defining the scheme £ m . This corresponds to 
quotient by the ideal spanned by X a — (<fio) a ,a £ A. We obtain the Ja- 
cobi's equations in the quotient coordinates X = (X ) a ^B=i-Ai denoted 

by (2). 

3. Consider the linear equations (3) with coefficients in K of (2). Solve Eq. 

(3) in function of an arbitrary choice of variables (X X ) indexed by a set H, 
of cardinal dimKH 2 (g,g). This choice permits us to build a power series 

g in coordinates (A A ) AeW such that X = (X ) X en + .g((A A ) Ae w). 
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4. The versal deformation of cj>o associated with A in £ m is given by: 
(</>o) Q , for a € A, and X , for a G B. 

5. Eq (2) defines the scheme £^, and the local ring O£ o is isomorphic to the 
ring of rational functions , where P,Q & and Q(4>o) 0- 

3 Reduction Theorem and Formal Rigidity 

3.1 Reduction Theorem 

Let g = (R k n, </>o) be an algebraic Lie algebra with (n, <^o ) the nilpotent radical 
of dimension n and R = U©S a maximal reductive Lie subalgebra. To construct 
a versal deformation of a point in £ m is a hard problem, but in the algebraic 
case this problem can be reduced from that of tpo in £ R , under some conditions. 
The equality of the number of essential parameters of 4>o in £ m and ipo in £ R 
is a necessary condition according to Corollary 12.21 and Remark 12.21 
The graded Lie algebra morphism i : G (n, n) R — > C(g,g) is defined by the 
composition of graded differential complex morphisms a and f3 defined by 

-> C (n, n) R 4 C (n, g) R 4 C (n, g/n) R -> 0, (3.1) 

and P : C (n, g) R -> C (g, g) defined by i (/) | Rxfl9 -i = and i (/) | tt « = /, for 
each / 6 C (n,n) R . This lemma is left to the reader. 

Lemma 3.1 For all f and g of C (n, n) R , we then have 
i ([f>9]) = [i (/) > * (ff)] arid * ([^o, /]) = [0o, i (/)] ■ 

We deduce the linear morphism of cohomologies i = (S q i q 

The groups Gl(n) R and Gl (g) canonically act on C(n, n) R and C(g,g) by *. 
We define an injection, again denoted by 3, from the group Gl (n) R into Gl (g) 
which sends s £ Gl (n) R into 3(s) with 3(s)\ n = s and 3(s)|r, = idft. 

Lemma 3.2 Let tp € £ R (K) and O = 3(<£o)- Then i (s * /) = 3(s) *i (/), /or 
a/Z s G Gl (n) R . / G C (n, n) R , and the following diagram is commutative 

Vo + f -0o+i(/) (3.2) 

s*(vo + /) — ^a(s)*(0o + i(/)) 

Proof. The equality 3(s) * 0o = 3(s * i^g) comes from the commutativity of 3(s) 
with R. The second statement is deduced from the first. □ 

The map i extends to a graded Lie algebra morphism id ® i from A <£> C (n, n) R 
to A ® C (g,g), denoted again by i, satisfying similar lemmas 13.11 and 13.21 
From Lemma EU if <p = ip + £ G Def R (<p , A) then - \ [£,£]) = «fi(£) - 
\ [i(£)>K0] = 0, i-e. 0o + l (0 e Def m (0o, A). From Lemma I3T21 the scheme 
morphism 3 : £ R — >• £ TO induces a map tp + £ M> </> + i(£) from Def R ((^o, A) to 
Def m (0o, A) denoted again by 3. It passes to the quotient 

3 : Def R (tpo, A) — > Def m (<fo, A) , 
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modulo the actions of the groups G„ (A) and G m (A) respectively. 
Lemma 3.3 We then have 

1. Z( , )ni(C(n,n) R ) = i(Z(n,n) R ). 

2. B ( , g) n i(C7 + 1 (n, n) R ) = i(B p+1 (n, n) R + <5Z>, /n) R ) ; 

where S defines the connection d in the long sequence of the cohomology . 

Proof. 1. The statement df — for all / G C(n, n) R is equivalent to i(df) = 
di (/) = 0, i.e. i (/) G Z (0, 0) since i is injective. 

2. Given dh G B p+1 (0,0) of the form i(/) with / G C p+1 (n,n) R , the R- 
invariance implies ad g R • dh = d(ad B R • h) = 0, thus ad B R • h C Z p (0,0). It 
follows that h may be written as ho + hi with ho G C p (0, 0) and hi G Z p (0, 0), 
and dho = i (/). Denote by p (x) the operator defined by (p (x) hi) (xi, x p ) :— 
hi (x, xi..., x p ) , where x, xi, i p 6g and 9 is the adjoint representation of in 
C (0, 0). It is well-known that 9 and p satisfy the formula do p (x) + p (x) o d = 
9 (x) , Vx e 0. Then dp (x) ho = 0, Vx G R. We define a map /io £ C p (0, 0) by 
^o|np = and p (x) h — p (x) /i , for all x G R. Hence /i is a cocycle since we 
have dh =0on n p+1 by construction and , for all x G R, we have p (x) (d/io) = 
— dp (x) /io + (x) ho = —d(p (x) ho) — 0. It is clear that p(x)(ho — ho){x) = 
for all x G R, then 

&o-fto = i(*) + J, ( 3 - 3 ) 
with A; £ C p (n, n) R , I = pr o (ft, — /io) and pr : g — > R the projection. It follows 
d/i = d(ho — ho) — i(dk) + dl, since i o d = d o i. We deduce that ci/i belongs to 
the image of i if and only if is dl, i.e. 

pr o dl = 0. (3.4) 

Since I is R-invariant (see (|3. 31) ). it is easy to prove that p(x)l = for all x G R. 
Hence p(x)dl = —dp(x)l + 9(x)dl = 0, for all x G R. For all (xi, ...,x p+ i) G n p+1 , 

(pr o d/)(xi, x p+ i) = ^(-l) 4+:, /([xi, x 3 ], x^ ..x p+ i), (3.5) 

i<j 

which is the differential of the restriction l\ nP on n p in the complex C(n, R) R with 
value in the trivial n-module R which is identified with the adjoint action n in 
0/n. It follows from (j3T4l and (133)) that l\ nP G Z p (n,0/n) R such that {dl)\ nP +i = 
5(l\ nP ) G Z p+1 (n, n) R , where 5 defines the connection d in the long sequence of 
cohomology. Then dh = i(dk + 6(l\ nP )) G i(B p+1 (n, n) R + <5Z p (n, 0/n) R ). □ 

Corollary 3.1 1. i k is injective iff B fc (0, 0) n i fe (C fe (n, n) R ) = i fc (B fc (n, n) R ). 

2. i/c is an epimorphism iffZ k (Q,Q) — ife(Z fc (n, n) R ) +B fc (0,0). 

Let <f> G £ m (A), we define Aut (<f), A) the group of automorphisms of <j> as the 
set of matrices s G Gl m (A) such that s * cf> — cf>, and Der(<^>, A) the Lie A-algebra 
of derivations of <f> as the set of matrices 5 G M m (A) such that 8.(j> = 0. 

Lemma 3.4 Let cf> G Def (<fio, A) &e a deformation. If S G Der(</>, A) tten S is a 
deformation of So '■— pr(<5) G Der(0o> K). I/^o is an inner derivation of <po then 
it may be lifted to a derivation of <fi. 



12 



Proof. We check that pr (6) ■ (f>o = and 6 = pr (S) G Der (0 O , K). If a; G g such 
that So = 4>o (x, •) then the map 8 := <f> (x, .) is a derivation of cf>. □ 

Lemma 3.5 Let </> G Def (</>o, A) 6e a deformation. If 6 is an element of m <g> 
Der(0, A), i/iera exp ((5) = X^^Lo * s an automorphism of <f>. 

Proof. Since A is complete, hence this formula converges in the Krull's sense 
in M m (A) . We can reason by induction on the integer n and we will obtain 

s n °^ = E?=o(?)#^'(-)> <*"-*(-))• " □ 

Lemma 3.6 Let s G G m (A) and f : O — > A a deformation. If f is surjective 
then s * / is surjective. 

Proof. The map s * f : O — > A is defined by 

« * /(4) = ( s * = H( s_1 )i« 

with /(a;*.) = see CU). Then 

Ipq Ipq 

avec Sy = /(cry). The map / being surjective and (x Q ) Q generates 0, then 
(cj> a ) a generates A. We deduce from (|3.6[) that s * / is surjective. □ 

The Local Epimorphism rj. We identify the vector space C 2 (n, n) R with 
its image by i 2 . If i 2 is injective, by Corollary 13.11 we then have the equality 
B 2 (fl,fl) ("I i 2 (C 2 (n, n) R ) = i 2 (B 2 (n, n) R ). Let E be the linear complement of 
C 2 (n, n) R in C 2 (g, g) generated by the (efj), with i > n, or j > n, or k > n, and 
the S.e^j, with 6 G adR| n , and i,j, k < n, cf (|1.12l) . We then have B 2 (g, g) + E = 
i2(B 2 (n, n) R ) + E. If we choose a basis (e a ) ae x' of C 2 (n, n) R which is completed 
to a basis B of C 2 (q,q) indexed by 1, containing all the (e*j), with i > n, or 
j > n, or k > n and some of S.efj, with i, j and k < n, then each admissible set 
„4' G X' at ipo will be completed to an admissible set A C 1 at 0o 1 which will be 
contained in A' U (X — I'). The scheme £ R: ^ is the spectrum of the quotient 
of P m by the ideal 

3 A' ■= Jm + Am + (Xfci > n,orj > n,orfc > n) + ~ A') , 

where A m is defined by (jl.8p . and the £ a (A) are K- linear combinations of 
associated with the basis change (e*j ) — > B. The scheme £^ ^ is the spectrum 
of the quotient of P m by the ideal 3 A := J m + (£ Q (A) - (</>o) Q ;a G A) . The 
identity map with the inclusion J^', induces an epimorphism on the 

quotient algebras from P m /J^ to P m /J^', a scheme embedding from £ R '^ to 
£^ O an d finally, the local epimorphism rj : O a q — > 0^ A . 

Theorem 3.1 (Reduction Theorem). Let g := R k n be an algebraic Lie 
algebra such that 

1. ii : H 1 (n, n) R — > H 1 (g,g) is an epimorphism, 

2. i 2 '■ H 2 (n, n) R — > H 2 (q,Q) is an isomorphism, and 
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3. i3 : H 3 (n, n) R — > H 3 (g, g) is a monomorphism. Then for every A G U\, A. C I 
and A' C H admissible sets as above, the map 3 from £ R to £, m induces 
(i) a bijection from Def (ipo,A) R to Def (4>q, A), defined by [ip] i — s- [</>]; 

a Zoca/ E^-algebra morphism, r] : 00 Q — > R o which induces a local M.-algebra 

isomorphism, fj : O£ o — > C^o"^ -^ or ^ = suc/i that the following diagram is 
commutative 

O^-^O* (3.7) 

7T 7r' 
00 fj ^ipo 

Proof. Surjection. We shall show that for all deformation <f> G Def (<j)o, A) there 
is 99 G Def (<^o 5 A) such that <fi and are equivalent under G m (A). We will 
prove for </> = ^ a i"</>a by induction on the integer peN the following property: 
there are s p = id + J2\ a \= p t a Sa G G m (A) and $ = J2 a ta ®a G Def (0 O ,A) such 
that = s p * $, $ Q = i2(y a ), where ip a G C 2 (n, n) R for a < p. It is 
obvious if p — 0. We assume that $ satisfies the induction hypothesis for p, the 
deformation equation can be expressed as [<£>, $] = ^ Q J2 a t ai t a2 [$a t 7 ^a 2 ] = 

0. We get [$, $] = 2 £ Q i Q - w a ) = 0, with cu a := § E^S^o^' ' 
It follows that, 

^ i a tf$ Q = ^ mod i p+2 . (3.8) 

|q I <p+l I a I <p+l 

From the equation (|3.8p , and the induction hypothesis, hence 
J2 t a d$ a = J2 T ' l A\ E [^x^aJ] emK +2 ®i 3 (C 3 (n,n) R ). 

|cc|=p+l |a|=p+l \ ai^0,a 2 5^0 / 

We deduce from Lemma [331 1) that d^, <& a G is(Z 3 (n,n) R ) for all \a\ = p + 1. 
Since i3 is injective then d^cpa G i3(B 3 (n, n) R ) by Corollarv l3.1f 1). Hence there 
is G C 2 (n, n) R with |a| = p + 1 such that d$ Q = rfi (ip' a ) , and <J> a G i (<p' a ) + 
Z 2 (g, g) . Since i2 is sujective, it follows from Corollary[3Tj2) that there are ip" a G 
C 2 (n, n) R with \a\ = p+1 such that & a = i (<p' a + (p'^)+ds a , where s a G C 1 (g, g). 
We set s p+1 = id+J2\ a \= p+ i t a s a , and ip a = (p' a +p'', for all |a| = p+1. We have 

Sp+i * * = E| tt |< P + E|a|=p+l ta ( $ « " ds «) + ( de g rees > P + 1)> hence, 
a|<p+i (degrees > p + 1). This deformation satisfies the 

property (p+1) and the sequence of deformations (s p o ■ ■ • o s x ) * $ converges 
in the Krull'sense to a limit under the form 3(ip) which is equivalent to (j>. Then 
ip belongs to Def (</>o, A) R , since i is injective. 

Injection. We suppose that ifi,(f2 G Def(iy9o,A) R are two deformations of ipo 
such that their images 3(<px), 3(</>j) G Def(</> , A) R are equivalent under G m (A). 
We shall show that there is a G 3(G R (A)) such that 3(tp 2 ) = a * 3(<pi) . We 
reason by induction on the integer p G N, there exists a = J2 a t a °~u G G m (A) 
such that Up :— X)|q|< p t a °~a £ 3(CJ R (m)) anc i a * 3(<pi) — 3((f2)- This is 
obvious if p = 0. Then cr" 1 • a = id + Ela|= p+1 t a<J a + (degrees > p + 1). Since 
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cr p G 3(G„(A) R ), 3((pi),3(tp 2 ) 6 3(Def((p , A) R ), then the expression, 
tip 1 * (cr *%>!)) = (a- 1 -ct) *3(^i) = (id+ ^ t Q (T tt + ---)*3(¥'i) 

|a|=p+l 

= E f (^)) a + E i Q (P(^)) Q -^ o( r Q ) 

|a|<p |a|— p+l 

+ (degrees > p + 1) 

belongs to 3(Def (ipo, A) R ). From Lemma I3"l?l we have d^, a a G i 2 (Z 2 (n, n) R ), 
for all |a| = p+ 1. Since i 2 is injective, then d^da G i2(B 2 (n,n) R ) by Corollary 
I3.1f l). Hence there are s a G C 1 (n, n) R such that d,f, a a = c?0 o ii(s Q ) and cr Q G 
+ Z 1 (g,g), for all a = P + 1- Since ii is surjective, it follows from 
Corollary 13.1( 2) that there are S a G adg = B 1 (g,g) and S a G C 1 (n, n) R such 
that a a = ii(s a ) + 6 a + ii(5 a ) for all \a\ = p+l. The derivations 5 a being inner, 
it follows that they may be lifted to derivations S a (t) of 3(ifi) by Lemma \'S. 41 
Since II := exp(— J2\ a \=p+i ^ Q( ^aW) i s an automorphism of 3(</?i) by Lemma 
13.51 and the induction hypothesis, hence we get 

a p+ i := a p o II = (T p + 2_, t a ' l ii s o + S a ) + (term of degrees > p + 1). 
M=p+i 

Then a o II verifies the property for p+l. The sequence (a p ) converges in the 
sense of Krull to an automorphism which belongs to 3(G R (A)) satisfying 
Coo * 3(<£i) = 3(</j 2 )- 

2. Local Isomorphism rj. Let / : B — > C be a local K-algebra morphism and 
/ : B — > C its unique extension on the completion K-algebras. Set A = . 
From the surjectivity on the classes, there are an element h : O R — > C)-£ g of 
Def R (<po, C^,) an d an element s of G m (O^ ) such that 

h orj = s *n. (3-9) 

By Corollary 12.21 and Remark 12.21 there is a local morphism h : O^' A — > O^ o 
and s' G G R (5J) such that 

hon' = s'*h. (3.10) 

Since 7? is an epimorphism (because is tt), it follows from the equation Q3.9p 
that h is an epimorphism by Lemma 13.61 From the equation (13.101) , we deduce 
that h is an epimorphism. Consequently, h o rj : O^ o —¥ O^ o is an epimorphism 
(rj is an epimorphism, since i 2 is injective). Since O^ o is the inverse limit of 
(OfJm n {Of o )) n , it follows that the homomorphisms (ho7j) n : Of g /m n {O£ ) -> 

O^ a /m n (O^ ) induced by h o rj are isomorphisms (n — 1, 2, • • • ), since h o rj is 
surjective and O£ /m n (O£ ) is a O^ o /m(0^ o )-module of finite dimension (since 

O£ o is Noetherian). Hence horj becomes an isomorphism, and then rj is injective. 
Then rj is an isomorphism (since rj is an epimorphism) . We deduce that rj is an 
isomorphism if and only if is rj, by Corollary 1.6, p. 282 [TJ, since K = C. □ 
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Proposition 3.1 If Ai and A2 are two admissible sets at <j>o, then the local 
rings and are isomorphic, for K = C. 

Proof. Since 7Tj : O^ — > is versal, for i = 1, 2, there are two local morphisms 
7F1 : O^l -> Ofy and tF 2 : Ofy -> such that tti (resp. tt 2 ) is equivalent 
to 7f 1 o 7F2 (resp. 7F2 tti)' It follows from above and since 7Tj is surjective that 
Ifi is sujective, for = 1,2. The local morphism W 1 o 7f 2 : O^ 1 — >• O^ 1 and 

7F2 o 7F1 : O^ o 2 — > O^ o 2 are surjective as composition of surjective maps. Since 

is Noetherian, then 7F1 o 7f 2 and 7F2 o 7F1 are bijective, by using the same 

argument as in the proof of Theorem 13.11 Hence the map 7fj is injective, so is 
bijective, for 1,2. We deduce that Wi is bijective by Corollary 1.6, p. 282 pQ. □ 

Proposition 3.2 An algebraic Lie algebra g = R tx n wit/i reductive part R = 
U © S where S is i/ie semi-simple part and U is £/ie torus part, satisfies the 
hypotheses of Theorem \3.1\ iff it belongs to one of the following cases 

1. U ^ 0, g is complete, H 1 (n,g/n) R = = H 2 (n,g/n) R . 

2. U = 0, H 1 (n,g/n) R = = H 2 (n, g/n) R . 

Proof. With the long sequence of cohomology of (|3.1[) and the factorization of 
Hochschild-Serre [TT], we can show the statement. □ 

Let n be a Lie algebra, a derivation i5 of n has a strict positive spectrum, 
denoted by 5 > 0, if all its eigenvalues are in Q + — {0}. The algebraic Lie 
algebra Der^n) admits a Chevalley's decomposition S © A © N where S is a 
Levi subalgebra, A is an abelian subalgebra such that [S,A] = 0, N is the 
largest ideal of nilpotence and R = S © A the reductive part. 

Proposition 3.3 If there is a derivation of n such S > then n is nilpotent 
and we have: 

1. A is nonzero and contains a derivation with strict positive spectrum. 

2. Any complete Lie algebra with nilpotent radical n is given by Q\ — Ri x n 
with Ri = Si©Ti C R such that Si is a semisimple subalgebra o/S and Ti 
is a maximal torus in Der(n) Sl = S Sl + A + N Sl with N Rl = 0. There is a 
solvable Lie algebra of this type T k n i/N T = for a maximal torus T on 
n. The Lie algebra gi satisfies the hypotheses of the theorem of reduction. 

3.2 Formal Rigidity 

Let <po £ £ m (K) and A an admissible set at <po. The Krull's dimension d of the 
completion local ring 0^ q of O^ o for the m(0;^ o )-adic topology is the maximal 
number of elements t\,...,tn of m(O^) such that the subring of formal power 
series in t\, td, is isomorphic to the formal power series ring K[[Ti, TV]] in d 
variables. This gives the dimension of £^ ^ at point c/>q. The formal rigidity is 
the rigidity relative to the base K [[T]]. If we suppose that there is a valuation on 
K, for example C, we can define a separated strong topology on K™ and use the 
notion of convergence of series (analyticity) . In this case the formal rigidity is 
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equivalent to the analytic rigidity, by M. Artin's theorem, PQ,[5]. This rigidity is 
also equivalent to the orbit is open in the senses of Zariski and strong topology, 
cf. [13] ■ We call it the geometric rigidity at point <po. 

Theorem 3.2 For all admissible set A of I at <fio, then the following conditions 
are equivalent 

1. dim K 0^ o < oo; 

2. the Krull's dimension d of O a is null; (f>o is an isolated point of £ffi' A (K); 

3. the elements of the maximal ideal of O a q are nilpotent; 
4- 4>o is formally rigid in £ m ; 

5. Moreover if K is a valued field, the orbit [cf>o] is a Zariski's open set in 
£ ro (K). 

Proof.l =^ 2. If t is an element of m{O^ ) then the sequence (f 1 )^ linearly 
generates a vector subspace of finite dimension. Consequently, the subring K[[i]] 

of O a q cannot be a ring of series power, so d = 0. 

2 =>• 3. If t € m{Of a ) then the ring K[[t}} is isomorphic to the ring K[T]/(TP) 
where p G N*, and t p = 0. 

The equivalences 1, 3, 4, 5 are proved in Proposition 6.6 [5]. □ 

A formal rigid law in £ m is algebraic [2] and admits a Chevalley's decomposition 
g = R x n. 

Corollary 3.2 1. If q = R x n is such that [g, n] = n and H 2 (n, g/n) R = 0, 
then g is formal rigid in £ m if and only if is n in £ R . 

2. If g = R k n is such that [g, n] = n and g is formal rigid in £, m , then n is 
formal rigid in £ R . 

Proof. 1. Let <po (resp. ipo) denote the law of g (resp. n). For all admissible 
set A C T (resp. A' C I') at </> (resp. (fo), defined as in Theorem 13. 11 the local 
morphism rj : O^ o —> O^; A is an isomorphism since [g, n] = n and H 2 (n, g/n) R = 
0, it follows that the dimension of the space 0^ g is finite if and only if it is for 

0^ A . Then we deduce the statement from Theorem 13.21 

2. rj is surjective since [g,n] = n, we deduce the statement from Theorem l3.2l □ 

Corollary 3.3 If Q k = R k k n fe satisfies H 1 (n fe , g fc /n fe ) Rfc = H 2 (n fe , g fe /n fc ) Rfc = 
and [Rfe,rife] = for k = 1,2, then gi x Q2 is formal rigid if and only if Qi 
and $2 are formal rigid. 

Proof. If g, n and R are the direct products of g^, rifc and R/c respectively, we then 
obtain the same conditions in the statement for g. In fact, H 2 (n, g/n) R is equal 
to HomR(H2(n),g/n) where the second homology group H2(n) is isomorphic to 
H 2 (ni) © H 2 (n 2 ) © E with E = (tii/ [ni,ni]) A n 2 © m A (n 2 / [n 2 ,n 2 ]); we have 
Hom R (E, g/n) = 0. The condition [R, n] = n implies that £ R = £ Rl x £ R2 . Since 
B 2 (n, n) R = B 2 (m,ni) Rl ©B 2 (n 2 ,n 2 ) R2 , then A = Ai x A 2 is an admissible set 
at n, with A admissible sets at n t for i = 1,2. Hence £%' A = £ Rl '- Al x 2%l' M , 
and the local ring Of' A of £ R ^ at n is isomorphic to On!' Al ©k 0^l' M with 
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the local ring of £^ fc at n k , k = 1,2. Then the K-dimension of 0^' A is 
finite iff it is for 0^' Al and O^ 2 '^ 2 . We deduce the result from Theorem 
and Corollary O □ 



4 Versality in Central Extensions 

We shall construct a sequence of central extensions of schemes (<C^)„ for n > no 
under some hypotheses on the weights of T such that 

1) any law <p n +i £ -C^+i.^,,, is a central extension of a law ip n £ £n.<p , where T 
is a maximal torus of ip n , which is extended to <p n +i by adding a weight a„+i; 

2) the construction of a versal deformation of T k ip n in £ m is equivalent to that 
of (p n in via the reduction theorem; 

3) a versal deformation of the laws tp n +i is deduced from that of tp n by central 
extension starting from an initialization n — hq, where the torus T appears. 



4.1 Central Extensions of Schemes 

A torus T on K n is denned by the set 7r n of its weights «i £ T* , 

t ■ ti = cti(t)ei, (1 < i < n) ,t £ T. We denote again by T the torus on K™ +1 

defined by adding the weight a n +i £ T*: t ■ e n +i = a„+i(t)e„ + i, t e T. 

The variety £^ (K) is the set of Lie multiplications defined by 

ip (ei,ej) = Yl=i <Pi] e k such that (a k - on- aj)(t)(f^ = 0, t £ T, i < j, k. This 

is equivalent to (p^ — for a k ^ on + Oj . Denote by J the set the multi-indices 

(y) such that i < j and + aj = a k . The coordinates in £^ are indexed 

by J ', and the Jacobi's relations are given by 

« n 

ty k =f J2 X ij X lk =0 > ^<i<J<k<n, l<h<n, (4.1) 
for at + aj + a k — a h £ 7T„. 

Let ^ n (T) be the subset of £^ (K) consisting of laws such that T is exactly a 
maximal torus of derivations. If ^ n (T) is nonempty then T is algebraic. Let T 
be the torus on K" +1 given by 7r„ + i = 7r„ U {a rl+ i}. We suppose the choice of 
a n+ \ such that Yl n +i (^0 * s nonempty. The weight of nonzero weightvector of 
the form [e», e„+i] for i < n is a, + a n+ i G TT n +i- If ^ 7r„ and a n +i 7r„ - 7r„ 
then [ei,e n _|_i] = for i < n and Ke„ + i is central. This means that any law 
(fin+i £ £«+i (K) is a central extension of a law <£>„ G £^ (K) of kernel Ke„+i, 
i.e. we have the exact sequence of Lie algebras 

{0} — > Ke„ +1 — > (K"+\ ^ n+1 ) — ► (K", ,p n ) . (4.2) 

If T is maximal on (K Tl+1 , <p n +i) , i-e. <p n +i £ Sn+i (T), then the extension is 
not trivial and corresponds to a nonzero class of H 2 ((f n , Ke„ + i) T , for the trivial 
action. The group of homology H2 (tp n ) is a T-module decomposed as 

H 2 (<p n ) = H 2 (^„) Q . (4.3) 

aET* 

Thus 

H 2 (^„,Ke„ +1 ) T = HoniT (H 2 (^„),Ke n+ i) S* (Ha^n) )*• (4.4) 
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It follows from (|4.4I) that a nonzero cohomology class corresponds to a nonzero 
homology class such that the weight a n +i appears in the decomposition (j4.3[) 
and implies that ct n+ \ = a, + ctj for i < j < n. We suppose that w n consists 
of strict positive weights, i.e., there is t G T such that each weight an satisfies 
oti{t) G Q* + for 1 < i < n. We deduce the following properties: 

1. £^ (K) is formed of nilpotent Lie multiplications, 

2. 7r„ + i is formed of strict positive weights, 

3. T x ip n where ip n 6 £^ is complete and satisfies the reduction theorem. 
Definition 4.1 A sequence of weights, tt — (a p ) C T*, is a path of weights if 

1. there is uq G N* such that the family (at, cn no ) generates T* over K 
and on > for all i = 1, uq, 

2. (T) is a nonempty set for all n > hq, 

3. a n +\ does not belong to (7r„ — 7r„) for all n > no- 

no is called the initialization of n, where the torus T is maximal. 

The initialization no of tt corresponds to the value of n where the torus T is 
maximal. The condition of the central extension will give the existence of a 
morphism of schemes which generalizes the quotient map (|4.2p . Let P n denote 
the polynomial ring K[X t * : ( f .) G J] and J„ the ideal generated by the Jacobi's 
polynomials J^. fc , see (|4.1I) . 

Proposition 4.1 // (a p ) pgN C T* is a pai/i of weights with n > no, i/ien 

1. i/ie idea^ J n +i is generated by the ideal J n and i/ie polynomials J^ 1 where 
l<i<j<k<n; 

2. the canonical monomorphism i„ : P n — )• P n +i induces a morphism on the 
quotients P„/J„ — > P n +t/Jn+i an d a scheme morphism p n +i : £^+i - ► 
£j£ defined on the space of rational points £^ +1 (K) by the quotient map 

Proof. 1. Consider a nontrivial Jacobi's polynomial J^ fc with ft, < n; we will 
show that it belongs to J„. It is clear for k < n. Iffc = n+1 then ai+aj+a n +i G 
7r n +i. It follows by assumptions that one of the following elements ct n+ i + ctj, 
a n+ i + ctj, a n +\ + cti + ctj belongs to 7r n+ i with Oi + ctj G K n +t- However if 
cti + ctj G 7r„ then the elements a n +i + cti, ct n +\ + ctj and a n +i + ctj + ctj do 
not belong to 7r n+ i by hypothesis on 7r n +i. If ctj + <x,- ^ 7r„ then cti + ctj = 
and its multiplicity is 1. The weight 2a n +i corresponds to a trivial bracket. 
By similar arguments we show that for i < j < k the polynomial J^ 1 satisfies 
k < n. We deduce that J n +i is generated by 3 n and the polynomials J™^ 1 - 
2. The correspondence — > Xfj for i < j < n and k < n induces an injective 
map i n : P„ —¥ P„+i which sends J„ to J„+i. It induces a quotient morphism 
hi ■ Pn/Jn Pn+i/Jn+i and p n+i := Spec(i„) : £^ +1 -)• fi£. □ 



19 



4.2 Versality in Central Extensions 

The laws of the open set 5Z ra+ i(T) are coming from ^^(T) in general, and 
it is even possible that there are laws tp n of 5Z n (T) no having an extension 
in X)n+i(T)' this happens when H2((/? n ) Q , l+1 is zero. However, an extension 
ip n+1 of (p n G E„( T )> 01 621 , belongs to E n+1 (T) iff it is not trivial. We will 
say that <p n +i is obtained by a direct filiation of ip n . This means that there 
are two admissible sets A n and A n +i at (p n and ^ n +i respectively such that 
A n +i = A„ U {(pq 1 )} for some p < q satisfying (fn+i)^ 1 0- The inclusion 
A n thus induces a process of construction by central extension (|4.2p . 

Such an obtained sequence of schemes is called a direct filiation; next we shall 
develop it. The trace p~ +1 (<^„) n of the fiber of p n+ i : £^ +1 -> ££, 

of each point tp n £ £„' " on £ n+1 " +1 is the set of laws </J„+i £ £„ +1 " +1 which 
satisfy (14.21) and the condition (yn+Opg" 1 = 1. As subscheme, it is the set of 
which verify 

a; +1 = i, (4.5) 

and Jacobi's equations 

/ E^)W 1= 0. (4-6) 

Let n be a nilpotent Lie algebra with bracket tp, and o a central ideal of 
dimension one which is stable under a torus T on n. Let b be a complement of a 
in n stable under T, identified with n/a as T-module. Hence tp may be written 
as po + ijj where ipo is the Lie bracket defined on n/a transferred on b, and tp is 
a cocycle of Z 2 (n/a, o) T . Let fi(n) be the T-submodule of A 3 n generated by the 
vectors §^ xyz ^ <p(x, y) Az. If (3 is the weight of T on a, then the group H 2 (n, a) T 
is isomorphic to Homx(H2(n), a) = (R^tl)^)*. It follows from Proposition 3.2 
in [3] that H 2 (n) / 3 is isomorphic to ^r^) ■ 

Proposition 4.2 IfT does not have a null weight on n/a, then the vector space 
H2 (n) p is isomorphic to ( kcl ^|^^ kcl ^ . If the class of tp is nonzero, then it is 
a hyperplan o/H2(n/a) ( g. 

Proof. We have 

pdh+ai) A (6 2 +02)) = <p{bi +01,62+02) = <p(bi,b*i) = tpoQ>i, h) + 62), 

for all (&i, 62, 01, 02) £ b 2 x a 2 . It follows that 

(ker^ = (ker^o)^ n (ker^g © (n A a)p. (4.7) 

Hence (n A o)^ =0 since a A a = and b ~ n/o does not admit a null weight by 
hypothesis. By Eq. (|4.7[) . we have (ker^)^ = (keitpo)p H (ker-0)^. The space 
fi(n)^ is generated by the cyclic sums of tensors and we have 

p(h + a x , 6 2 + 02) A (63 + a 3 ) = <po(&l> fo) A o 3 + Vo(&l, 62) A a 3 + t/>(i>i, 62) A 63, 

for all (61, 62, &3, 01,02,03) 6 b 3 x a 3 . According to the hypothesis, the last two 
tensors have a null projection on the weightspace of (3 and hence there are iso- 
morphisms fi(n)/9 ~ Q(n/a)/3 and H 2 (n),g ~ ((ker<p )/3 n (ker ip)p)/Q(n/a)p. 
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The homomorphism ip : A 2 n/a — > a is zero on a complement of (A 2 n/a),g. If 
it is zero on (ker(j5o)/3j i-e. on ker^o, then it factorizes through the quotient 
A 2 (n/a)/(ker<^ )- Hence A 2 (n/a)/(ker<p ) an d [^/a, tv/o] are isomorphic and V 
may be written as h o !p for some h G Homi([n/ a, n/a] , a) , thus the class of ip 
is zero. It follows that if the class of tp is nonzero then tp can be identified with 
a linear form which is nonzero on (ker^o)/3- ^ 

If (£^'^ " )n is a direct filiation, then the construction of the scheme is 
obtained from the scheme 2^' An by vanishing the new Jacobi's polynomials 

*Wk=i Kj<k<n, (4.8) 
J ijk i 

and the polynomial 

X;\ +1 - 1, (4.9) 

where the variables Y = (Yy), 1 < j < n, i < n are the ancient coordinates and 
X^ 1 (Z, k <n) are the new. We can summary this study showing the different 
cases of the discussion of the extension tp n — > <p n +i- If On = O n (Y) is the local 
ring of £n' An at tp n then the local ring O n+ \ = O n+ i(X, Y) of at y> n +i 

is obtained by localizing the quotient ring A = O n [A" +1 ] /J by the maximal 
ideal generated by the classes of representatives f(X.Y) which vanish at (p n +i, 
where J is the ideal generated by the polynomials (14. 8p and (|4.9[) . We obtain 
the following theorem with v n := dimH2(^ n ) an+1 . 

Theorem 4.1 Let (£^'^ o " ) n &e a direct filiation. Each point ip n +i of the fiber 
of tp n in £^ 1 " +1 (K) verifies one of the following cases: 

1. If v n — then the fiber does not exist. 

2. If v n = 1 then tp n -\-i is unique in the fiber and O n +\ is a quotient of O n . 
Moreover, if tp n is rigid then tp n +\ is rigid. 

3. If v n > 1 then O n +i is the localization ring at (0, ...,0) of the quotient of 
O n [Ti, ...,T Vn —±] by the ideal generated by polynomials in Y of the form 

c o( Y ) + E c k( Y ) T k, A e A - Ai, c?(Y) e m(O n ), 0<l< u n , 

0<fcO„ 

indexed over the triples A = (i < j < k) satisfying a; + otj + a/- = a n +\- 
The Krull's dimension d of the scheme £^^" +1 at ip n +i is minored by 
v n — \. In particular tp n +\ is not rigid. 

Proof. The case v n = is trivial. If v n > 0, the Jacobi's polynomials indexed 
by the set A of triples i < j < k with a, + otj + = a n +i and the condition 
A™ + 1 = 1 may be written as Oq (Y) + X^( P q ) a ^(Y)Xfi, A € A, where fi runs 
through the set M of couples i < j such that a* + ctj = a n+ i , ^ (p, q) and 
a,Q,a^ £ O n . Let (A) be the system obtained by vanishing these polynomials. If 
we fix Y to ip n , the equation system (A) becomes a equation system (B) where 
the solutions in X are formed of f £ Z 2 (ip n , Ke„+i) T such that ^pg 1 = 1. It 
gives an affine space of dimension v n — 1, see Proposition ^. 21 Let Ai be a subset 
of A such that the equation subsystem of (B) indexed by Ai is equivalent to (B), 
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and Ai is minimal for this property. There is a subset Mi G M of cardinal |Ai| 
such that the submatrix (a^(Vn))(A,/j)eAi xm ± is invertible. This matrix remains 
invertible if we take its values in O n since its projection by pr : O n — > O n /m(O n ) 
is. It follows that the equation subsystem of (^4) indexed by Ai permits to 
express the variables (X ai ) aiG a/ 1 in function of variables (X p ) p£ m-Mi, i-e. X p = 
A$(Y)+Y; p A%(Y)XP,ne Mi, where A%(Y),A£(Y) G O n . We substitute these 
expressions in the remaining expressions of (A) for multi- indices A — Ai, which 
gives the new system of equations by vanishing the following expressions: 

bo(Y)+ b p( Y ) XP AeA-Ai. (4.10) 

peAf-Mi 

If we fix Y to Lp n , then the equation system (|4.10p corresponds to the system 
of equations (B) indexed by A — Ai. Theses equations give anything more 
on IK, and are identically null, i.e b^Y) — bp(Y) — for A G A — Ai and 
p G M — Mi. In other words, the elements b$(Y) and bp(Y) belong to the 
maximal ideal of O n . The ring A is equal to the quotient of O n [X p , p G M — Mi] 
by the ideal generated by the terms (|4. 10[) . If we localize this ring at point 
ifn+i, we will take new adapted variables X p — (ip n+ i) p which we write T/. 
with indexation k on {1, v n — 1}. Then the Jacobi's polynomials are written 
as c£(Y) + Eo<fc<,„ c k( Y ) T k, A G A - Ai, with C/ A (F) G m(0 B ), (0 < I < 
v„) and A is written as in 3. We localize at point <p n +i by considering the 
maximal ideal obtained as quotient of the maximal ideal of O n [T] is m(O n ) [T] + 
Y,i< k<Vn Tk-O n {T}. 

If v n = 1, we see that the ring A is equal to the quotient of O n by the ideal 
generated by the 6q, A G A — Ai. We obtain the result. 

If u n > 1, there are [y n — 1) new parameters which are algebraically independent 
over K, Then the Krull's dimension satisfies d > v n — 1. □ 

4.3 Continuous families of Lie algebras 

Definition 4.2 A path of weights is said to be simple if all weights are distinct. 

With this definition, the coordinates X^ may be indexed by the weights them- 
selves. One can write Xfj instead of X^ since the index k is fixed by the weight 
ai + a.j . The set of pairs i < j such that oij + atj € n n shall be denoted again 
by J. Set G„ := Gl„ (K)J. 

Proposition 4.3 Let T be a torus on K n . One supposes that its set of weights 
n n is a simple path of weights. Then ^ n (T) is a Zariski's open set egual to the 
set of elements (p n G £^ such that T X <p n is complete. It is the union of the 
G„- orbits of maximal dimension n — dhriK T. 

Proof. If ip is an element of £^(K), then Der(<p) T is a torus r containing T. 
Then the law <p satisfies T.n + [n, n] = n and n T PI Z(n) = 0, and then r x <p is a 
complete Lie algebra, cf. [7]. Then the set J2 n (^) consists of elements ip such 
that t = T, i.e. dimr = dimT since T C t. It follows that it is the Zariski's 
open set union of orbits of maximal dimension. □ 

Remark 4.1 Under the above hypotheses, any element ip G £^ belongs to the 
Zariski's open Y] (r) of the subscheme Z n of £^ in which we can apply the 
reduction theorem for r K ip. The different S„(r) form a stratification of £^. 
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The open stratum S n (T) gives a quotient variety S n (T)/G n under G„. 

Proposition 4.4 The isomorphic classes in 5^_(T) are the orbits of the nor- 
malizer group H of ' T in Gl n (IK) under the canonical action. 

Proof. We can see that H stabilizes £^(K) and J^ n (T). Conversely, if <pi and 
if2 are isomorphic, then there is s € Gl n (K) such that s * ipi is equal to ip2 
with maximal torus s ■ T • s _1 . The field IK being algebraically closed, there is 
an automorphism s' of ip2 which conjugates s • T • s^ 1 and T according to a 
Mostow's theorem, we have s' ■ s € H. □ 

Proposition 4.5 The isomorphic classes in the quotient E„(T)/G„ are the 
orbits of the finite group T := H/Ho, with H the normalizer group of T in 
G1„(K) and Ho its identity component. This variety is called continuous family 
associated with the maximal torus T. 

Proof. It is a direct consequence of Proposition 14.41 □ 

Next, we will study the quotient variety E n (T)/G n with the help of slices £^'^ , 
ipo £ E„(T), which are local affine charts. The weights being distinct, then G n 
is the diagonal group identified with (K*)™. The canonical action of an element 
s = (si,...,s„) of G„ on X is defined by (s * X)^ = -^j-X^, where X is a 

law defined by its coordinates X(a,ej) = J2 k X^ek- It is particularly easy to 
characterize an admissible set of J' at a law ip. It is just a subset A of J such 
that the following system of equations 

4 = ^4- for (i<j)eA, (4.11) 

is equivalent to the system s * ip — ip, and is minimal for this property. The 
minimality of A implies that ip^ ^ for all (i < j) 6 A. It follows that A is 
contained in the set J v consisting of pairs (i < j) such that ip^ ^ 0. 

Proposition 4.6 A subset A of J is admissible at ip if and only if A is a 
minimal subset of J v such that the system Sk = SjSj, (i < j) 6 A, defines the 
subgroup Aut^)^ of G n . 

The laws ip of £^(K) which have the same subset J v C J thus have the same 
admissible sets A C the same group Aut(</?)Q and the same maximal torus 
t. Two equivalent laws under G n have the same subset J v of J since Eq (|4.11[) 
implies that a nonzero coordinate remains nonzero under G n . 

Theorem 4.2 Under the hypothesis of a simple path of weights, each law tp £ 
5Z n (T) admits an admissible set A of cardinal \A\ = n — dimjcT. We have for 
such a subset A: 

1. p admits A as admissible set iff tp^ ^ for all (£•) £ A where i < j. 

2. All laws o/£^^ o (]K) admit A as admissible set. 

3. S^n'wo 0^) * s contained in ^ n (T) and its isomorphic classes are the traces 
of the T-orbits. 
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4- ip admits A as admissible set iff there is an element s £ G„ such that 



5. H 2 (iy9o, <Po) T is the Zariski's tangent space to £^'^ o (K) at ipo- 

Proof. The laws ip which admit A as admissible set satisfy <p a ^ for all 
a £ A. This condition is sufficient if the cardinal of A is maximal. This proves 
the statements 1, 2 and 3. The orbit [<po] of tp under (K*) n is given by 



The components indexed by an admissible set A are non null and the corre- 
sponding terms (p 4 -) are free and can take arbitrary non null values; there 
thus exits in the orbit of tpo a representative ip for any arbitrary choice of non 
null components (ip a ) a ^. If is maximal we obtain 4, and 5 results from 



Consequence. Let H,(A) be the set of the laws admitting A as admissible set. 
Then £l(A) is an open set and 5Z n (T) = Ua^(A). The slices associated with 
a same A are isomorphic and identified with the quotient Q(A)/G n . Varying 
the admissible parts A, the slices are affine local charts of E„(T)/G„ giving 
continuous families in Theorem 14.21 3. 

Convention. From Theorem 14.21 4. we may fix arbitrary values of the com- 
ponents ip A of a law tp in E„(T). One adopts the convention X^ — 1 for all 
Qj) £ A. The corresponding subscheme, denoted by ■C^'" 4 , is isomorphic to 



5 Examples 

All examples considered in this section satisfy the hypothesis of Proposition 
13.31 then the calculation of versal deformations of <j) m — T K (p n in £ TO can 
be deduced from those of cp n in Also versal deformations of ip n £ £,J t are 
calculated from that of (p no £ £^ by successive central extensions with no the 
dimension where the maximal torus T appears. 

5.1 First Example 

Let f n be a Lie defined by y>o(ei,ei) = ei+j, (i < n — 1) and y>o(e2,ei) = e^ + 2 
(2 < i < n — 1). It admits a maximal torus T defined by its weights generated 
by ai = ia, with n > 5. 

The coordinates of £^ may be indexed by the weights themselves. One can 
write Xij instead of X^ and indexed by the pairs (i < j) such that cti+ctj = cti+j 
is a weight. The Jacobi's polynomials are 



**¥>e£££(K). 




transversal property of the slice. 



□ 




,j^i+j,k + Xj^Xj+k,i + Xk^Xk+iJ 



(5.1) 



for i < j < k and cti + ctj +ctk = cti + j + k £ K n . Let K[£]( t ) denote the localization 
of K[i] at the prime (t), which is isomorphic to < | : p. q £ K [u] , q(0) > . 
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Theorem 5.1 The set A n — {(23), (lfc), 1 < k < n) is admissible at </?o- 
The local ring Oj^™ of the slice £^'^ ™ at ipo and the versal deformation X 
(Xij) of ipo in £^ associated with A n are given by 

1) forn = 5, 6, = K, X = <p , 

2) fori <n< 11, O^- 4 ™ = K[t] {t) , X is defined by (EM to iTOl) . 

3) forn > 12, 0%** = K[u]/ (u 5 ), 

= 1, (ij) G An, X 2i = 1,X 25 = 1- t, X 26 = l- 2t, 

X 2 m-2 = 1 + (6 - m)t + 3m 2 -45m+168 t 2 + -4m 3 + 105m a -923r»+2712 f 3 + 



- ' — ' ^ I. 

16 

L34 = = c ; -^36 = L — § t_ "t" |I" — ft", v\ 37 

V -A_l3/q ~„U2 i 6m 2 -lllm+516 j-3 i -10ro 3 +303m 2 -3110m+10794 +4 
^3 : m-3 — t + 2 ^° _ m / t "i ~~ 4 1 "i 8 1 

X 4m _ 4 = ft 2 + - 12 "+ 117 t 3 + 30m 2 -636m+3423 ^ /or n > m > 11 



5m <t -192m J +2812m' i - 18579m+46608 j-4 y or n > TO > 9 

-^34 = -^35 = -^36 = t — |i 2 + jt 3 — |i 4 , X37 = t — 3< 2 + |i 3 — f f 4 

t 2 -lllm+516 .3 1 
4 

forn>m> 11, X45 = Xl 6 = %t 2 - ft 3 + ft 4 , 



-^56 = ^57 = 3< j-f 

X 5m - 5 = 3i 3 + ~ 30 "*+ 333 t 4 , /or n > m > 12, 

X(,rn-6 = ^t 4 for m > 13 and X^ = 0, for 6 < i < j , with t 5 = 0. 

Proof. The Lie algebra f n is built by successive unidimensional central exten- 
sions of nilpotent Lie algebras where the maximal torus T appears for n = 5. 
-For n = 6 one obtains two new coordinates Xi^,X 2 4 and one relation J123 i.e. 

X 24 = X 15 = 1. (5.2) 

-For n — 7 we have three new coordinates Xi6, -X25, X34 and one Jacobi's poly- 
nomial J124 i.e. 

X 3i -1 + X 25 = (5.3) 

-For n = 8 we have three new coordinates Xn, X 2 q, X35 and two Jacobi's poly- 
nomials J125 and Ji 3 4 i.e. 

X 17 = l,X 26 = l-2t,X 35 =t. (5.4) 

-For n — 9 we have four new coordinates X\g, X 2 r, X 3 q, X45 and three Jacobi's 
polynomials J126, J135, J234, for t ^ —2 we have 

2 - U _2t-2t 2 it 2 

^18 = l-i ^27 = ~ 1 A?fi = — ~ 1 -^45 — ~: • (5.5) 

' 2 + t 2 + t 2+t y ' 

(|5.5[) is valid in the local ring at each point of £g ' (K) since the projection of 
2 + t on K is different from zero and 2 + t is invertible if t 7^ —2. 
For n — 10 we have four new coordinates Xig, X 2 $, -X37, X46 and four Jacobi's 
polynomials J127, Ji36, J145, J235, i-e. 

_ 2 - 7t + 5t 2 _ 2t~ 5t 2 _ 3t 2 

*19 - 1, X 2S - 2 + t . *37 - -^- r , X i6 - —. (5.6) 

in the associated local ring at each value pr(£) el - {—2}. 

-For n = 11 we have five new coordinates Xhq, X 2 g, X38, X47, X$q and five 

Jacobi's polynomials J128, J137, Ji46, J236, J245 which give 

1 _ 2 - 10< + 16t 2 - 5t 3 4t - 16i 2 + 8t 3 - 5i 4 

Xuo - 1,^29 ^38 - 2(2 + t)(1 _ ta) . ( 5 - 7 ) 



25 



_ 6t 2 - I2t 3 + 15£ 4 12t 3 - 21t 4 

47 ~ 2(2 + i)(l -i 2 ) ' 56 ~ 2(2 + t)(l ~ t 2 )- ( ' 

in the associated local ring at each value pr(t) G K — {—2, ±1}. 

-For n = 12 we have five new coordinates Xm, .X210, X39, X48, X57 and seven 

Jacobi's polynomials J129, J138, J147, Ji56, J237, J246, J345, i-e. 

_ 4 - 22i + Ut 2 - 26t 3 + 36i 4 _ At - 22t 2 + 32t 3 - 41i 4 

* 210 - 2(2 + t)(l-t 2 ) ' ' 39 - 2(2 + t)(l-<2) > ( 5J ^ 

6£ 2 - 24i 3 + 36i 4 v 12i 3 -21i 4 

* 48 ~ 2(2 + t)(l-t 2 ) > X57 ~ 2(2 + t)(l-t 2 ) (5 - 10) 

t - t _ WCUM-l) -0. (5.11) 
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For t = (resp. t = 1/10), the law corresponds to the Lie algebra f 12 (resp. 
Witt Lie algebra roi 2 ), and then £^ Al2 {K) = {fi 2 ,roi 2 }. We have Oj^ 12 ~ 
(u 5 ) with a nilpotent element t = u of order 5, and O^'^ 12 ~ K. It follows 
from Theorem 13.21 that f 12 and Id 12 are formal rigid in £j 2 - Now we reason by 
induction on n. For n + 1 > 13, we separately study the central extensions 
of f n and of ro„ proceeding by induction. Let Yij denote the ancient structure 
constants for i + j < n and X^j the new variables for i + j = n + 1. The relations 

Jlj'n-j — Xj+l,n—j ~ *j,n—j + ^j.n+l-j = give 



J 

X jt n+i-j = ^2(-l) k - j Y k , n _ k + {-iy'-'+ 1 X J > +1 , n - r (5.12) 

k—j 



and it suffices to write another relation for fixing Xij in function of the Yij . In 
particular, the relation J2471-5 = fixes Xg„_5. For ro„, we obtain only the 
Witt Lie algebra ro„+i and there are not new parameters; the others Jacobi's 
relations arc automatically satisfied. 

For f n , the relation (|5.12p and J2471-5 = fix the structure constants at neigh- 
bourhood of fn+i which verify the given relations in the theorem. Hence there 
are not new parameter. We must verify that the remained Jacobi's relations do 
not reduce the order of nilpotency of the parameter t. It is obvious to see that 
the Jacobi's polynomials Jy/j (i < j < k) are vanished for j > 6, and it remains 
to see that J^ for 2 < i < j < 5 are null too. □ 

Corollary 5.1 1. The slice £^'^f " associated with A n is isomorphic to 

Spec(K[u]/ (u 5 (10u — 1))), for n > 12, where u = (resp. u = 0) 
corresponds to the Witt Lie algebra ro„ (resp. f n ). 

2. The versal deformation ofxo n associated with A n is constant, O^^ 4 ™ ~ IK. 

Remark 5.1 The Lie algebra f n is formal T-rigid if n = 5, 6 and n > 12, and 
no formal T-rigid for 9 < n < 11. If we develop their versal deformations on 
the competion local ring, they will become Gerstenhaber's deformations. 
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5.2 Second Example 

Let T be a torus defined by the set it of its weights 1 < i < A^ai + aj, ^ 
(1,4), ai + ctj + a k , k) ^ (2, 3,4), 5 := a x + a 2 + a 3 + a 4 . 
The coordinates of the scheme £^ may be indexed by the weights them- 
selves. One writes X a ^ instead of X^j since the index k is fixed by the weight 
a + f3. The Jacobi's polynomials are 

Ja,^,7 = X a ^X a+ fs^ + Xp^Xp+y^ + X 1 ^ a X 1+a ^ (5.13) 

for a, /3, 7 € 7r and a + j3 + 7 G 7r. We consider successive central extensions by 
the sums of 2, 3 and 4 weights and A is an admissible set. 

The law defined by the ai for 1 < i < 4 is abelian and provides the initialization 
n = 4. 

Central extension by the sums of 2 weights: each + aj with ^ (1,4) 

is associated to the coordinate X auaj without Jacobi's relation; set A2 — 
{(a>i,aj) : ^ (1,4)} and fix 

X a>f} = l, {a,/3)eA 2 . (5.14) 

Central extensions by the sums of 3 weights: the weight a\ + a 3 + Q4 gives 
coordinates X aiia . 3+ai and X ait0ll+a3 (since ^ (14)), and the Jacobi's 

polynomial J Qi .q 3!Q4 imposes X ai _ ai+OL3 = — X ai>as + ai . In the same fash- 
ion, ot\ + a.2 + «4 gives X ai _ a2+oti and X a4iCcl+a2 , and J ai ,a 2 .a4 implies that 
X ai ,a 1 +a 2 = ~X ai .a 2 +on ■ F° r Q i + a 2 + a 3 we have X aiia2+ol3 , X a2tai+a3 and 

Xa^.a±-]-a2J ^^-d Joi,02,o 3 gives X a2Ctl -]-Q, 3 X aia2 J ra3 -\- X a3ai -\- a2 . 

Set A3 = A2 U {(ct4, eti + a 3 ), (04, ot\ + a^), (a 3 , oi\ + a 2 )} and fix X a ^ = 1 for 
all (a, (3) G A3 - A- We have 

Y~ _ _ v - Y — — Y Y — 1 

^04,01+03 ^01,03+04 A Q4,ai+Q2 yl Ql,Q2 + Q4 03,01+02 

(5.15) 

-^02,01+03 — -^Q!1,Q:2+Q!3 ~1" 1 (5.16) 

Central extensions by the sums of 4 weights: S gives X Q , 2iQl+Q3+Q , 4 , X Q , 3 . Ql+Q2+Q , 4 , 

^04,01+02+^37 -^01+02, o 3 +04 and -X^i +o 3 ,02 +04 ■ 

Set At = A3 U (a2,«i +03 + 04) and fix X a2t0ll+a3+ai = 1. The Jacobi's 
relations J ai ,aj, s-ui-aj for («, j) ^ (2,3) give the following equations: 

^01+02 .Q3+Q4 — -^02 ,01 +o 3 +04 — 1, ^oi+o 3 ,02+o 4 — -^o 3 ,oi+02+04 (5.17) 

^ai+a3,Q2+ti4 -^"a4,CKl+a2+Q!3 ^ (5.18) 
Xai ,Q2+tt3 -^Q4 ,ai + 02+0 3 (5.19) 

With the choice of „4 := A, we obtain two essentials parameters u :— X ai ^ a2+a3 
and v := X ai:ai+ct2+a3 verifying f)5 . 19[) . and we can state with ipo G ■C^" 4 : 

Theorem 5.2 The slice is isomorphic to Spec(K[u, v]/(uvj). 

1. If (^0)01,02+03 = (^0)04,01+02+03 = then ipo is a singular point at the 
intersection of two components of the slice, and ipo+utfi+vip2 with uv = 0, 
is a versal deformation of tpo where ipi and ip 2 are two cocycles with non 
null classes. The local ring O^" 4 is the localization of K.[u,v}/ (uv) at 
the maximal ideal P consisting of p such that p(0, 0) = 0, denoted by 
(K[u,v}/ H) (P) . 
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2. If (<Po) ai ,a2+a 3 ^ (resp. (1/30)04,01+02+03 # Oj, t/ien <p is a regular 
point at the one component of the slice, and ip$ + uipi ( resp. ipo + vtf2 ) 
is a versal deformation of ifo , where (pi and if2 are two cocycles with non 
null classes. The local ring 0^' A is equal to (K[u, v]/ (uv))^, where the 
maximal ideal P consists of p such that p(uo,0) = 0, (resp . p(0,vo) = 0), 
and is isomorphic to K[t]( t ). 

Remark 5.2 We deduce from the reduction theorem that: 

a) <po + utpi + vif2 is a versal deformation of 4>q = T tx ipo in case 1 and 
4>q + utpi or 4>q + vif2 in case 2. 

b) the 2-cohomology group of 4>q is C 2 in the case 1 and C in the case 2. 
5.3 Conclusion 

Gerstenhaber, Nijenhuis and Richardson did not study versal deformations in 
their work. However, they studied obstruction problems of one parameter defor- 
mations, and proved the link between rigidity of an algebra and its cohomology. 

To choose the local ring O as base is natural, and provides the canonical 
deformation id : O — > O, which is a universal object in the category of de- 
formations at (j>o satisfying the property (i) of Definition 12.11 However, this 
deformation is not minimal for this property, this is why we define a slice of £ m 
containing the point (f>o such that its canonical deformation in this subscheme is 
minimal, and called versal. The methods for computing versal deformations by 
fixing parameters and central extensions, and the reduction's theorem presented 
above simplify a lot of their calculations. 

We can deduce all the deformation equivalence classes of ipo with base A € 9\ 
from its versal deformation associated with an admissible set A, given by the 
local ring 0^^ A of the slice at ipo. Each deformation with base A is equivalent 

to h o tt , where the change base h : O v ' — > A is defined by its image h(O v „ ) 

which corresponds to a quotient O vo /I of , with I an ideal. To classify 
all deformation equivalence classes of <po with base A is equivalent to classify 

all ideals of I such that the local ring O^^/I is isomorphic to a local subring of 
A. In the case where A = K[[r]] corresponds to the formal deformations in the 
Gerstenhaber's sense of <po. Since K[[t]] is a domain, then the ideals I will be 
considered prime. 

In the first example, the point (po is regular for 7 < n < 11, and the com- 
pletion of the local ring 0^ An = K[£]( t ) is Then the versal deformation 
of ipo can be written as ^2 n t n <p n on the completion ring, and gives one formal 
deformation of <po (up an equivalence). 

For n > 12, the Krull's dimension of the completion of the local ring C^" 4 " — 
(m 5 ) is null, then tpo is formal rigid, cf. Theorem 13.21 and any formal 
deformation of ipo is trivial. 

In the second example, the point ipo at the intersection of two lines admits 
a versal deformation <po + u(fi + v<f2- The completion of the local ring 0^ A = 
(K[u, v]/ (uu))/ p x is K[[u, v]]/ (uv). Let u (resp. v) be denote the class of u (resp. 

v) in Ojo" 4 - It is clear that the ideals T = (u) and I2 = (v) are prime. The 
Krull's dimension of O v ' being one, we have only three prime ideals T, I2 and 
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P where P is the maximal ideal consisting of p e 0^g A such that p(0, 0) = 0. 



This gives three formal deformations ipi :~ tpo+Tiipi for hi : O v ' a — > /L 



K[[n\] for =1,2 and ip a for h : 0^ A -> 0^ A /P 4 K. The deformations Vi and 
t/> 2 are not equivalent because ipi and t/?2 are linearly independent in H 2 (n, n) T . 
Consequently, there are two nontrivial formal deformations ipi and tp2 of (fio (up 
an equivalence). 
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